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A two-dimensional model for heat transfer in reacting channel flowwith a constant wall temperature is developed

along with an analytical solution that relates the temperature field in the channel to the flow Péclet number. The

solution is derived from first principles by modeling the flame as a volumetric heat source and by applying jump

conditions across theflame for plug andHagen–Poiseuille velocity profiles and is validated via comparisonwithmore

detailed computational fluid dynamics solutions. The analytical solution provides a computationally efficient tool for

exploring the effects of varying channel height and gas velocity on the temperature distribution in a channel in which

a flame is stabilized. The results show that the Péclet number is the principal parameter controlling the temperature

distribution in the channel. It is also found that although the Nusselt number is independent of the Péclet number (or

velocity) in the postflame region, it can change by nearly 3 orders of magnitude in the preflame region over the range

of Péclet numbers (or velocities) expected in microcombustors. This has important implications for quasi-one-

dimensional numerical modeling of micro/mesoscale combustion, in which it is usual to select a single Nusselt value

from the heat transfer literature.A correlation to facilitate incorporation of the streamwiseNusselt number variation

is provided.

Nomenclature

An = nth coefficient in the preflame solution for the
nondimensional temperature variable

Bn = nth coefficient in the postflame solution for the
nondimensional temperature variable

Cp = specific heat capacity of gas
d = channel width, m
k = thermal conductivity of gas
Nu = Nusselt number
Pe = Péclet number
Pr = Prandtl number
_q000R = volumetric heat released in the flame
T = temperature, K
U = flow velocity, m=s
�U = average velocity
U� = nondimensional velocity
X = function invoked in separation of variables solution for

the x� variable
x = spatial variable along flow direction, m
x� = nondimensional spatial variable along flow direction
Y = function invoked in separation of variables solution for

the y� variable
y = spatial variable transverse to flow direction, m
y� = nondimensional spatial variable transverse to flow

direction
�n = nth generic eigenvalue
�n = nth postflame eigenvalue
� = Dirac delta function

� = nondimensional temperature
�n = nth preflame eigenvalue
� = density, kg=m3

� = preflame eigenfunction
 = postflame eigenfunction

I. Introduction

T HE demand for compact propulsion systems for microsatellites
and micro unmanned air vehicles, in addition to the demand for

compact high-power-density sources in general, has generated
considerable interest in millimeter- and submillimeter-scale com-
bustors that are capable of operating on high energy-density hydro-
carbon fuels. This has led to a number of efforts to build microscale
combustors [1] and to model reacting flows in small passages [2–5].
These investigations have found that the strength of the thermal
coupling between the reacting gas and the structure has important,
and often dominant, effects on the behavior and stability of flames.
Distinguishing effects of combustion in microchannels include
increased sensitivity to thermal (and chemical) quenching, increased
burning velocity, broadened stability limits, and broadened reaction
zones. These findings in microchannels are consistent with earlier
experimental and theoretical work in heat recirculating or excess
enthalpy burners [6–8]. Asymptotic expansion methods have also
been used to develop models for reacting flows in small channels
[9,10]. The work presented here considers the microchannel com-
bustion problem from a heat transfer point of view by developing a
simple analytical model for the temperature field in the gas that
results from spatially localized combustion. The principal aspects of
themicrocombustion problem considered are operation at low Péclet
numbers and the two-dimensional nature of the heat transfer process.
Although rarefaction effects can become important at very small
length scales (approximately one-hundredth of a flame thickness),
heat losses to the environment at such tiny scales renders combustion
impractically inefficient. Therefore, this work focuses on larger
scales inwhich the fluid remains in the continuum and it is possible to
design devices with practical thermal efficiencies (i.e., greater than
50%).

There is extensive literature describing heat transfer in channel
flows [11–15]. It begins with the classical Graetzian problem [11],
first solved in the 19th century, which focuses on steady heat transfer
between a channel flow and the walls. The basis of the Graetz
problem is an energy balance between convective transport in the
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axial direction and heat conduction in the transverse direction. A
variety of extensions to this solution have been developed over the
years for various purposes, but those that are most relevant to the
flame problem are those in which axial conduction in the gas is also
included [12–15]. Yin and Bau [12] have solved the conjugate heat
transfer problem for aflow in a passage inwhich theymathematically
address the heat transfer between the solid and fluid. They highlight
the difficulty in solving this problemmathematically, as this problem
is not a typical Sturm–Liouville-type equation, owing to the non-
linear appearance of the eigenvalues in the governing equations. In
this spirit, thework presented here is a similar extension of theGraetz
problem that accounts for the effects of spatially localized heat
release associated with a flame stabilized in a channel.

II. Mathematical Model

Figure 1 illustrates the basic physical problem. A flame is
stabilized in the infinite channel formed between two parallel plates.
Reactants are fed into the channel from the left side at exactly the
right velocity (the flame speed) so that the flame position remains
fixed in the laboratory reference frame. Hot combustion products in
the postflame zone heat the walls of the channel which, in turn,
preheat the reactants entering the reaction zone. The governing
equation for this problem is conservation of energy in the gas
[Eq. (1)], in which the heat release at the flame is modeled using a
concentrated volumetric heat release function:

�U�y�Cp@T
@x
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�
@2T
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� @
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@y2

�
� _q000R

��x�
1=d

(1)

The walls are assumed to be at a uniform temperature, and the
temperature of the inlet and outlet streams are assumed to be equal to
thewall temperature. The temperature profile in the gas is assumed to
be symmetric about the centerline, based on the symmetry of the
problem. This leads to the following boundary conditions:

T��1; y� � TW (2a)

@T

@y

����
y�0
�0 (2b)

Equation (1) is rewritten in terms of the following nondimensional
variables:

�� T � TW
_q000R d

2=kg
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d
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U��y�� �U�y��= �U

(3)

where
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2
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Umax; fU�y�� �Umax�1� y�2� �Hagen–Poiseuille flow�g

(4)

This leads to the nondimensional energy equation:

PeU��y�� @�
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where Pe is the Péclet number, a ratio of convective to conductive
heat transfer.

Pe� RePr� �
�UCpd

kg
(6)

The boundary conditions transform to

���1; y�� � 0 (7a)

@�

@y�
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y��0
�0 (7b)

��x�; 1� � 0 (7c)

Equation (7b) arises from considerations of symmetry about the
centerline, and Eq. (7c) arises from the constant-wall-temperature
assumption. At the flame itself, we require that the temperatures on
both sides of the flame are equal:

��0�; y�� � ��0�; y�� (8a)

Integrating the energy equation over an infinitesimally small
volume around the flame as follows,
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gives the jump condition across the flame sheet:

@�

@x�

����
0�

0�
� � 1 (8c)

III. Solution

We seek a separation of variables solution for the temperature
field in the nondimensional streamwise and spanwise coordinate
directions x� and y�, respectively. Thus,

��x�; y�� � X�x��Y�y�� (9)

Substituting Eq. (9) into energy equation (5) leads to

��X00 � PeU��y��X0�
X

� Y
00

Y
(10)

We seek solutions for the X functions that satisfy Eq. (11):

X0

X
��� (11)

The choice of the plus or minus comes from whether we are
interested in the preflame or postflame solutions. Although Eq. (11)
seems reasonable because it meets the boundary conditions at
x!�1 and similar approaches have been taken elsewhere
[12,13], computational fluid dynamics (CFD) simulations will be
used later in the paper to demonstrate that solutions of this form give
accurate results for fully developed Hagen–Poiseuille (H-P) flow.
Substituting Eq. (11) in Eq. (10) gives the following ordinary
differential equation (ODE) for Y:

Y 00 � ��2 � �PeU��y���Y � 0 (12)

With boundary conditions [arising from Eqs. (7b) and (7c)]

Y 0�0� � 0 (13a)

Y�1� � 0 (13b)

When the velocity profile is flat [as in plug flow, where
U��y�� � 1], Eq. (12) is a wave equation with the following
solution:

Y�y�� � �Cn cos��n; y�� �Dn sin��n; y��� (14)

When the velocity profile is parabolic [as in H-P- flow, where
U��y�� � 3=2�1 � y�2�], Eq. (12) can be solved after a trans-
formation of variables to give the following solution:
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Y�y�� � �Cn Hypergeometric1F1�a1; b1; c1�
�Dn HermiteH �a2; b2��ePIy�2 (15)

Definitions of the parameters in Eq. (15) are provided in Table 1.
The solutions to Eq. (12) can be written more generically as

Y�y�� � �CnY1��n; y�� �DnY2��n; y��� (16)

where Y1 is a placeholder for either the cosine or the
Hypergeometric1F1 function (depending on the choice of the
velocity profile), and Y2 is a placeholder for the sine or the HermiteH
function. In each case, one of the functions (the HermiteH or sine)
does not satisfy the boundary condition at the centerline and
therefore is not admissible as a solution. For example, substituting
Eq. (16) in Eq. (13a) gives

Y 0�0� � �CnY 01��n; y�� �DnY
0
2��n; y��� � 0 (17)

This leads to

DnY
0
2��n; 0� � 0 or Dn � 0 (18)

because

Y 01��n; 0� � 0 and Y 02��n; 0� ≠ 0 (19)

Because Y2 does not satisfy the boundary condition at the
centerline, Y1 is left as the only solution to the ODE. Demanding that
the Y1 function satisfy Eq. (13b) (the other boundary condition at the
wall) allows us to obtain the eigenvalues �n: that is,

Y1��n; 1� � 0 (20)

Obtaining the eigenvalues �n in the case of plug flow is easier, as
the roots of the cosine function are well known. However, in the case
of Hagen–Poiseuille flow, the eigenvalues �n have to be determined
numerically, because the roots of the Hypergeometric1F1 function
do not have a closed form. Also note that because the ODE is
different in the pre- and postflame regions (because of the minus or
plus sign), the resulting solutions to the ODE are different in the two
regions. The functions that are solutions do not change as a result of
the sign choice, but the resulting eigenvalues and the arguments to the
functions are different in the two regions. The following convention
is introduced to make a distinction between the solutions and
eigenvalues in the two regions:

��x�; y��

�
�P1

m�1 Am exp��mx�����m; y��; x� < 0 �preflame�P1
m�1 Bm exp���mx�� ��m; y��; x� > 0 �postflame�

(21)

The series solutions preceding result from the fact that infinitely
many eigenvalues satisfy the second boundary condition, and
associatedwith each such eigenvalue is an eigenfunctionY1, which is
a solution to the ODE. Equation (21) automatically satisfies the
boundary conditions at plus and minus infinity for x� and the
boundary conditions in the y� direction. Therefore, the only
remaining unknowns are the coefficients Am and Bm. To evaluate

them we must derive an orthogonality condition and invoke it to
solve for the coefficients. This is accomplished in the next section.

IV. Evaluation of Coefficients

Substituting Eq. (21) into the jump conditions (8a) and (8c)
evaluated at the flame (x� � 0) leads to

X1
m�1

Bm m �
X1
m�1

Am�m (22)

X1
m�1

Am�m�m �
X1
m�1

Bm�m m � 1 (23)

Our task is tofindAm andBm using these two equations. Returning
to the ODE (12) and writing it for two different eigenvalues gives

Y 00m � ��2m � �mPeU��y���Ym � 0 (24)

Y 00n � ��2n � �nPeU��y���Yn � 0 (25)

We find an orthogonality condition by computing the following
integral: Z

1

0

�Eq: �24�Yn � Eq: �25�Ym�dy�

This givesZ
1

0

�Y 00mYn � Y 00nYm�dy�

�
Z

1

0

��2m � �2n � ��m � �n�PeU��y���YmYndy� � 0 (26)

The first term in Eq. (26) can be shown to be zero by integrating
by parts and applying the boundary conditions applicable to the Y
function. This leaves (after simplification) the following orthogo-
nality condition that arises from the second term in Eq. (26):Z

1

0

��m � �n � PeU��y���YmYndy� � 0; m ≠ n (27)

Equation (27) treats the orthogonality condition in a generic
fashion (i.e., it does not distinguish between the eigenvalues and
functions in the preflame and postflame regions). The minus or plus
in Eq. (27) identifies the flow region, and the eigenvalues and
eigenfunctions would be those corresponding to the particular flow
region:

��� �;Y � �� for x� < 0 ��� �;Y �  � for x� > 0

(28)

This orthogonality condition is different from a typical Sturm–

Liouville orthogonality. This is because the ODE for the Y equation
has the eigenvalues appearing in a nonlinear fashion and therefore
does not follow the Sturm–Liouville pattern. The orthogonality
condition in the preflame and postflame zones varies according to the
minus or plus sign in the preceding equation. Now we can use the
orthogonality condition (27) to obtain the coefficients Am and Bm
from the jump conditions. Reference [13] gives an elegant procedure
for evaluating these coefficients for a heat transfer problem
analogous to the one presented here. There are two important
differences, however. The problem solved in the reference is
analogous only to the postflame region (where the flow direction is
away from the inlet) and requires the introduction of an artificial
jump in the wall temperature. As we will see shortly, the nonlinear
occurrence of the eigenvalues in the ODE for the Y equation requires
the matching conditions to have a discontinuity or jump condition.
In the heat transfer problem [13], this is introduced by means of a

Table 1 Definitions of parameters in Eq. (15)
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sudden change in the wall temperature. In contrast, in our flame
in a channel formulation, the jump condition occurs as a natural
consequence of heat production at the flame. We start to derive the
closed-form expression for the coefficients by performing the
following manipulations to isolate An:Z

1

0

Eq: �22� � ��PeU��y�� � �n��ndy� (29)

This leads to

Z
1

0

X1
m�1

Bm��PeU��y�� � �n��n mdy�

� An
Z

1

0

��PeU��y�� � �n��2ndy�

�
X1
m� 1

m ≠ n

Z
1

0

Am��PeU��y�� � �n��n�mdy� (30)

The second term on the right-hand side can easily be identified
as being part of the orthogonality condition (for the preflame).
Therefore, we can use Eq. (27) to rewrite Eq. (30) as follows:

Z
1

0

X1
m�1

Bm��PeU��y�� � �n��n mdy�

� An
Z

1

0

��PeU��y�� � �n��2ndy�
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m ≠ n

��Am�m�n�m�dy� (31)

Simplifying the sum on the right-hand side gives

Z
1

0

X1
m�1

Bm��PeU��y�� � �n��n mdy�

� An
Z

1

0

��PeU��y�� � 2�n��2ndy�

�
Z

1

0

X1
m�1
��Am�m�n�m�dy� (32)

Now we use the second jump condition and do the following
manipulation: Z

1

0

Eq: �23� � �ndy� (33)

This gives

Z
1

0

X1
m�1

Am�m�m�ndy
� �

Z
1

0

�ndy
� �

Z
1

0

X1
m�1

Bm�m m�ndy
�

(34)

The fact that we have this naturally occurring jump condition in
terms of the derivative of the temperature across the flame enables us
to accommodate the nonlinearity of the eigenvalue in the ODE for Y.
Inserting Eq. (34) into Eq. (32) and rearranging gives

An

Z
1

0

��PeU��y�� � 2�n��2ndy� �
Z

1

0

�ndy
�

�
X1
m�1

Bm

Z
1

0

��PeU��y�� � �n � �m��n mdy� (35)

The term multiplying An on the left-hand side of Eq. (35) can be
evaluated, as can the first term on the right-hand side. The second

term on the right-hand side looks messy, as it couples the eigen-
functions and eigenvalues from the pre- and postflame regions in a
complex fashion. However, if we consider the ODEs for the Y
function in the pre- and postflame regions,

�00n � ��2n � �nPeU��y����n � 0 (36)

 00m � ��2
m � �mPeU��y��� m � 0 (37)

Following the same approach used to derive Eq. (27), we compute
the following:

Z
1

0

�Eq: �36� �  m � Eq: �37� � �n�dy� (38)

This leads to

Z
1

0

��00n m � �n 00m�dy� � ��n � �m�

�
Z

1

0

��PeU��y�� � �n � �m��n mdy� � 0 (39)

Again, because of the boundary conditions (13a) and (13b), the
first integral (after integration by parts) can be easily shown to be zero
(as both � and � are positive numbers). This means that the second
integral is also zero. Using this result in Eq. (35), we obtain

An �
R
1
0 �ndy

�R
1
0 ��PeU��y�� � 2�n��2ndy�

(40)

Similarly, we can also show

Bn �
R
1
0  ndy

�R
1
0 �PeU��y�� � 2�n� 2

ndy
� (41)

Therefore, separation of variables yields a closed-form analytical
expression for the temperature field in the channel. The solution is
given by Eq. (21) and the values of the coefficients are given by
Eqs. (40) and (41).

V. Eigenvalues

The eigenvalues are obtained from Eq. (20), which is a generic
representation of the eigenequation. It is clear, however, that the
function Y itself changes based on the type of flow and the arguments
to the function change based on the region of the flow (pre- or
postflame). The eigenvalues can be computed analytically for plug
flow, but must be computed numerically for Hagen–Poiseuille flow.
We found by trial and error that including the first 30 terms (with
eigenvalues and associated eigenfunctions) in the summation in
Eq. (21) was sufficient to obtain an accuracy of about 1% in the
analytical solution. This was established by comparing the values for
the nondimensional temperature � at the flame produced by the
solutions in the pre- and postflame regions. Note that the difference
between the nth and (n� 1)th eigenvalues approaches the value �
for all values of the Péclet number for both types of flows. This is
consistent with other heat transfer analyses of similar parallel-plate
problems [13].

VI. Comparison with CFD

The predictions of the analytical model for Hagen–Poiseuille flow
were validated via comparison with two-dimensional CFD simu-
lations. A commercial CFD package, CFD-ACE� [16], was used to
solve the 2-D steady incompressible Navier–Stokes equations (43)
and (44) [17] and the energy equation (42) [18] on a structured
computational grid based on the geometry illustrated in Fig. 1:
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where keff is the thermal conductivity of the gas, T is the absolute
temperature, u and v are the x-component and y-component
velocities, � is the density, P is the static pressure, 	 is the viscous
stress, and h0 is the stagnation enthalpy, which is defined as

h0 � i�
p

�
� 1

2
�u2 � v2� (45)

where i is the internal energy. Equations (42–45) were solved subject
to boundary and initial conditions equivalent to those applied to
develop the analytical model.

The computational grid breaks into 3 domains, as illustrated in
Fig. 2: a 100-mm-long preflame domain bounded by the inlet plane at
the left, solid walls at the top and bottom, and a fluid interface at the
right; a 0.1-mm-long flame domain bounded by fluid interfaces at the
left and right and solid walls at the top and bottom; and a 100-mm-
long postflame region with a fluid interface on the left, a fluid outlet
on the right, and solidwalls at the top and bottom. The structured grid
is 5 � 200:1 mm and contains 24,745 cells. It is coarsest at the inlet
and outlet and most refined in the center (where the flame is located)
to ensure that streamwise temperature gradients are adequately
resolved.

The minimum number of cells required to provide an accurate
solution was determined by performing a grid convergence test for
a high Péclet number case (Pe� 10) based on the maximum
centerline flow velocityUmax and peak flame-zone temperature Tmax.

It was found that a grid of 17,400 cells allows for bothUmax and Tmax

to change by less than 0.1% upon further grid refinement.
The boundary conditions at the inlet are 500Kgas temperature and

a fully developed parabolic velocity profile (umean � 0:02175 m=s
for Pe� 1 and umean � 0:2175 m=s for Pe� 10) for Hagen–
Poiseuille flow. No slip is enforced at the walls. Heat transfer is
allowed between thewalls and the fluid, but the walls are assumed to
be isothermal at 500 K. The pressure at the exit boundary is 1 atm.
The flame is represented as a constant volumetric heat source of
8:5 � 107 W=m3 located in the center domain. This value was
identified by trial and error as the one that produced equal gas
temperatures at the inlet and outlet of the center domain. This was
necessary to ensure that the boundary conditions used to develop the
analytical solution (i.e., that the pre- and postflame temperatures be
equal at the flame) were properly represented. The fluid density,
specific heat, and thermal conductivity of the gas were 0:706 kg=m3,
1029 J=kg 
 K, and 0:0395 W=mK, respectively, in all of the
simulations. All cells in the computational domainwere initialized to
the mean flow conditions at the inlet. The Péclet number was varied
from 1 to 10 by changing the flow velocity.

Gradients were computed using a blended quasi-second-order
spatial differencing schemewith 90% upwinding and 10% backward
Euler. The pressure, velocity, and enthalpy were found using a
conjugate-gradient-squared solver with preconditioning. A numer-
ical simulation was considered to be converged when the L2 norm of
all residuals was reduced to at least 1:0 � 10�7. Once a converged
solution was obtained, the temperature distribution was exported
to CFD-VIEW, from which the centerline and local temperature
profiles were extracted. All simulations were performed using a Dell
x86-based PC with dual 3391 MHz, Model 3 Stepping 4 Intel
processors and 2 GB of RAM.

Figure 3 shows a typical temperature field computed using the
analytical solution for the HP-flow situation. It shows, appropriately,
that the gas temperature peaks at the flame location (x� � 0) and
decreases as one moves upstream, downstream, or to the walls.

Figures 4 and 5 compare the analytical and CFD solutions.
Figure 4 shows axial temperature profiles at 3 different vertical
positions in the channel (y� � 0, 0.4, and 0.8) for 2 Péclet numbers
(Pe� 1 and 5). These Péclet numbers were chosen because the flow
velocities and dimensions generally associated with micro-
combustors and burners (our interest here) lead to Péclet numbers
in the range of 1 to 10. In contrast, Péclet numbers associated with
conventional scale devices are usually greater than 35. Figure 5
shows transverse temperature profiles at Pe� 1 and 5. The
maximum difference between the analytical model and the numeri-
cal solution is less than 5% over the entire domain for both Péclet
numbers, indicating that the analytical solution is valid. Inter-
estingly, the peak gas temperature does not necessarily occur along
the channel centerline, as shown in Figs. 5b and 6b. The reasons for
this and the consequences for the Nusselt number will be discussed
later.

Postflame Preflame 

U d 

          Wall 

x

0

y
TW  

'''
Rq·

Fig. 1 Infinitely thin flame stabilized in a channel between two parallel
plates.

Fig. 2 Representative computational grid. Fig. 3 Nondimensional 2-D temperature (�=�F) field (Pe� 1).
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VII. Results and Discussion

A. Low Péclet Number

Figure 6 shows the ratio of the average temperature across the
channel (in the transverse or y� direction) to the nondimensional
flame temperature as a function of axial position in the channel when
the Péclet number is relatively small.

Themean temperature profile is symmetric about the reaction zone
and insensitive to flow velocity, velocity profile, or channel height at
low Péclet numbers, because the convective transport term in Eq. (5)
is small in comparison with the conduction terms.

B. Moderate Péclet Number

Figure 7 shows the ratio of the average temperature across the
channel (in the transverse or y� direction) to the nondimensional
flame temperature as a function of axial position in the channel for
moderate values of the Péclet number. In both the plug-flow and
Hagen–Poiseuille-flow cases, increasing the Péclet number causes
the axial temperature distribution to become more asymmetric about
the flame (heat release) zone. The asymmetry arises because the
effect of the convective term is different in the pre- and postflame
regions.

To see this, return to Eq. (5) and consider two positions both a
distance � from the flame but located in the pre- and postflame
regions, respectively. In the postflame region, @�=@x� < 0 which
means that the convective term acts with (i.e., in the same direction or
tends to augment) the axial diffusive term (@2�=@x�2). This leads to a
net increase in axial thermal transport and a temperature increase
over the zero velocity case at the arbitrary location x� � � in the
postflame. In the preflame region, however, @�=@x� > 0 and the
convective term acts against the axial diffusive term leading to a net
temperature decrease at x� � ��. Increasing the Péclet number

increases the level of distortion by increasing the difference between
axial diffusive and convective processes in the pre- and postflame
regions. This effect distorts axial temperature profiles in both the
plug- and Hagen–Poiseuille-flow cases.

In the Poiseuille-flow case, however, thevelocity profile causes the
importance of the convective term relative to the axial diffusive term
to decrease as one moves away from the channel centerline. In the
postflame, this just reduces the augmentation of the axial thermal
transport, and the maximum temperature still occurs at the channel
center and decreases as one moves toward the wall. In the preflame,
however, the convective term acts against the axial diffusive term.
The reduction in the net thermal transport in the axial direction is
greatest at the centerline and decreases as onemoves toward thewall.
This means that the peak in the transverse temperature profile does
not occur at the channel center (as it does in the postflame), but at
some intermediate point between the center and thewall, as shown in
Fig. 6b. Increasing the Péclet number drives the peak temperature in
the transverse direction farther from the channel centerline and closer
to the walls. For Pe > 30, the flame is essentially a discontinuity, the
problem is mostly one-dimensional, and a two-dimensional solution
is not required.

C. Nusselt Number

The Nusselt number is defined as the ratio of the convective heat
flux to the conductive heat flux. It is usually written in terms of a heat
transfer coefficient h, the thermal conductivity of the gas k, and a
characteristic length scale for heat transfer, which is taken to be the
hydraulic diameter dc in this case:

Nu� hdc
k

(46)

Fig. 4 Comparison of axial temperature profiles predicted by the analytical model and the CFD simulations for three transverse (y�) locations with
Hagen–Poiseuille flow: Pe� 1 and b) Pe� 5.

Fig. 5 Comparison of transverse temperature profiles predicted by the analytical model and the CFD simulations for three axial (x�) locations for
Hagen–Poiseuille flow: a) Pe� 1 and b) Pe� 5.
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The exact solution for the temperature profile can be used to
compute an overall Nusselt number for the problem as well as to
develop a correlation for the variation of Nusselt number with down-
stream distance. The latter is useful in one-dimensional numerical
simulations of reacting flow with multistep-gas-phase chemistry
[19], in which a computationally efficient method for incorporating
two-dimensional heat transfer effects is required. The local heat
transfer coefficient is given by

hx� � �
k

d

�@�=@y��jy��1
�avg

(47)

Inserting Eq. (47) into Eq. (46) and assuming a two-dimensional
planar passage (dc � 4d) gives

Nux� � �4
�@�=@y��jy��1

�avg
(48)

In this expression, �avg is the mean temperature of the flow:

�avg�x�� �
R
1
0 U�y����x�; y��dy�R

1
0 U�y��dy�

(49)

Figure 8 shows the variation of Nusselt number with downstream
distance for a range of Péclet numbers. In plug flow, the Nusselt
number peaks at the flame and rapidly decreases to the value�2 as x�

goes to�1. This is consistent with other solutions for heat transfer
between parallel plates at constant temperature [20]. In Hagen–
Poiseuille flow, however, the situation is quite different. Although the

solution also asymptotes to �2 as x� goes to 1, it asymptotes to
different values (that depend on the Péclet number) as x� goes to
�1. This curious behavior in the preflame is another consequence
of the effect of the velocity profile on the competition between
convection and axial conduction in the preflame region: Increasing
the Péclet number moves the peak in the transverse temperature
profile closer to the wall. This increases the Nusselt number by
increasing the temperature gradient at the wall. The Nusselt number
approaches a constant far upstream, because the temperature gradient
at the wall goes to zero at the same rate as the mean temperature.

Figure 9 shows that although the Nusselt number in the postflame
is a constant that is independent of Péclet number, it is not a constant
in the preflamewhen the Péclet number is of order 1 or greater. This is
important, because currently accepted practice in the simulation of
reacting flows in microcombustors is to choose a single Nusselt
number to represent gas–wall heat transfer over the entire com-
putational domain. Given that preheating of the mixture by the
structure in the preflame region is a critical aspect ofmicrocombustor
performance [4,21,22] and that the potential variation in preflame
Nusselt number is large (up to 3 orders of magnitude), it is clear that
incorporating this effect will be important in future simulations.
Table 2 gives the asymptote values of the pre- and postflame Nusselt
numbers for different values of Péclet for HP flow. These values may
be used in future simulations that model constant-wall-temperature
combustors after estimating the Péclet number for the application.
The values in the table show that the Nusselt number increases
rapidly in the preflame region beyond a Péclet number of 1. This
makes sense, because the flow becomes essentially one-dimensional
at Pe > 30.
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Fig. 6 Nondimensional temperature profile (�avg=�avg;F) in the low Péclet limit: a) plug flow and b) Hagen–Poiseuille flow.
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Fig. 7 Nondimensional temperature profile (�avg=�avg;F) for plug and HP flows in the high Péclet limit.
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VIII. Conclusions

A simple extension to the classical Graetz problem has been used
to develop an analytical solution for the temperature field in a planar
channel with localized heat release due to combustion. The solution
has been validated via comparison with CFD and shows that the
Péclet number is the principal parameter affecting the temperature
distribution in the channel. The solution may also be used to
obtain analytical expressions for the Nusselt number. Because the
Péclet numbers associated with most microcombustors are in the
intermediate regime (1< Pe < 10), in which both conductive and
convective (or transverse and axial) heat transfer modes are
important, the results indicate that two-dimensional (or even three-
dimensional) heat transfer models are required to properly model
reacting flows in microcombustors.
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